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981. 


ON SOME FORMULA OF CODAZZI AND WEINGARTEN IN 
RELATION TO THE APPLICATION OF SURFACES TO 
EACH OTHER. 


[From the Proceedings of the London Mathematical Society, vol. xx1v. (1893), 
pp. 210—223.] 


AN extremely elegant theory of the application of surfaces one upon another is 
developed in the memoir, Codazzi, “Mémoire relatif à l'application des surfaces les 
unes sur les autres" Mém. prés. à Г Асайётле des Sciences, t. xxvn. (1883), No. 6, 
pp. 1—47; but the notation is not presented in a form which is easily comparable 
with that of the Gaussian notation in the theory of surfaces. I propose to reproduce 
the theory in the Gaussian notation. | 


Codazzi considers on а given surface two systems of curves depending on the 
parameters #, T respectively; the curves are in the memoir taken to be orthogonal to 
each other, but this restriction is removed in the general formula given p. 44, 
Addition au chapitre premier. For a curve of either system, he considers the tangent, 
the principal normal, or normal in the osculating plane, and the binormal, or line at 
right angles to the osculating plane (say these are tan, prn and bin). For a curve 
of the one system, that in which £ is variable or say a t-curve, he denotes the cosine- 
inclinations of these lines to the axes by the letters a, б, с, thus: 
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and he writes also / for the inclination of the principal normal to the normal of the 
surface, т dt for the angle of contingence, or inclination of the tangent at the point 


(t, T) to the tangent at the point (t+dt, Т), and z dt for the angle of torsion, or 
inclination of the osculating plane at the point (t, T) to that at the point (t+ dt, T), 
or, what is the same thing, the inclination of the binormals at these points respectively. 


And he gives as known formulæ 


da pam. db _ jdm dn шап 
dud de cM оаа А, 
where a, b, c denote 

(du, бы и (Oy, бшсш Olu OL TO. 


He uses the capital letters 


d. M aN 


As, Ay, Az Bz, Бу, В,, Са, Go, Cz, L, ат ЧТ, ат 


ат 


with the like significations in regard to the curve Юг which T is variable, or say 
the Т-сигуе; for greater clearness I give the accompanying figure. 


Codazzi writes further 


dm i3 dm . ii dn di pm 
d; 981 =“, Gy sin mid dio "s i 
dM dM . dN dL : 
dT cos L = U, ат 1 = V, т ат W; 


also, if s, S are the ares of the two curves respectively, 


and he obtains a system of six formule, which in the Addition, р. 44, are presented 


in the following form—only I use therein 6, instead of his b, to denote the inclination 
of the two curves to each other: 
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du dU dW . dé : dé 
dp^ dp C8 9+ адр 0+0 (V — Sp) + (U sin 8 — W cos 6) (v -F 


dU du dw . dé > d 
a Uam cos Ó + тп sin 0+ W (v з) + sin Ө—ш cos 6) (V— $7). 


du PACA 1: 
Сш ar) зат t 0 (uU — wW) — cos 0 (uW + wU)=0, 


R (и cos 0 + w sin 0) 2 r (U cos 0 + W sin б), 
R sin 8 (v ^A) tur est = от 


dt dT" 
: 10 ат ав 
rsin (7 т) + тозе = 57. 


In the Gaussian notation, taking р, д for the parameters, we have, with the slight 
variations presently referred to, 


da = adp + a'dq + adp + «арад + «аф, 
dy = вар + 09 + $ Вар? + 8'dpdq + В"а4?, 
dz = cdp + c'dq + $ydp? + y'dpdq + у аф, 
A, B, С=с – b'c, са — са, ab’ — а, 
, Е, Р, Ga + 6, ao! -- bU + cc, a? -- b? + c^; 
and therefore 
da? + dy? + dz? = Edp + 2Fdpdq + Gdg’; 
VEG—F:—V; 
Е’, Е, С = Аа + ВВ + Су, Ad + ВВ + Су, Aa” + Bg" + Су" ; 
and I take further 
w, w, œ =aa +08 +cy , аа +8 +сү, а +658" + су", 
5, a’, == аа + VB + Cy $ аа + ЫВ + су ; aa" +68" + су”, 
МЖА, А а Et + уа ж ту wr petu t, 
ш, ш, ш = аа" + ВВ" + үтү", d'at BB+ y, а + ВВ’ +47’, 
ЕМ о = А, О\ – ='? = Д”, 
where it is to be noticed that Ёз, E', F’, G', are written instead of Gauss's A, D, D', D", 
and о, w, e", c, w, c" instead of his m, т, m", n, п, n": and that he gives for the 
last-mentioned quantities the values 


AE. v i i a EAS db 

Bag. ddp rete ster ge: 
ar (dE „йб „_ 48 
"au bae kat Pam dd 


OF ж , Y и 
w = } Е, w =tH,, @ = F,—43G,, 


w= F,- $b, s =%@6, ve'-iG, 
where the subscripts (1) and (2) denote differentiation in regard to p and q respectively. 
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Observing that the cosine-inclinations of the tangent to the p-curve are as а, b, с, 
and those of the binormal or perpendicular to the osculating plane are as by — cf, 
ca — ау, aß — ba, we easily find 


@ b с 
Ay, Ay, Az = VE’ VE’ JE: 
by—c8 | ca—ay а8 – ба 
Cz; Cy, Cz irae /А , МА. , VA , 
t fee EB-bo  Ey-—co. 


МЕА’ МЕД ° WEA ' 


and for the cosine-inclinations of the normal of the surface 


а DVC 
As, Ay, А, = у; peso 
we find 
cos l= А (by — с8) + B (ca — ау) + С (ap — ba) 
VVA 
E (@ + b? + с?) (a'a +08 + су) (aa! + bU! + ec) (аа +68 +0у) 
m KE iw 
_ Ea — Fo 
NUR 
| А (Ea — ао) + B (EB — bw) + C (Ey — со) 
sin [= х shes TOUR де... 
VVEA 


or, since Aa + Bb+Cc=0, this is 


Bm {= n E А. Ш 


VVEA ҮА 
We ought therefore to have 
ЕЕ + (Ев – Го) = ҮА, =(HG— Е?) (ЕМ – o*); 
= omitting the terms F%w*, which destroy each other, and throwing out a factor Ё, 
is is 


Ew — 2F о + Go – (EG — Р?) = (EG — Р) — E^; 


viz. putting for Ё@—Ё? its value, = А?+ В+ C?, and for the other terms their 
values, this is 


(a? + # + c?) (a'a +8 + су) — 2 (аа + bb’ + cc’) (a/a 4- V B + с) (аа + bB + су) 
+ (a” + р? + б) (а? + В? + y?) 
= (A? + В+ C?) (о + 8° + у) — (Aa + ВВ + Cy)? 


The right-hand side is here = (Ву — CB} + (Ca — Ay? -- (AB — Ba}; the left-hand 
consists of three parts, the first whereof is 


(a (w'a + 08 + су) — а (aa + ЫЗ + ey)? = (— By + CB)’, 
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and similarly the other two parts are 
(—Ca+Ayy and (– 48+ Bay; 


the equation is thus verified. 


: o dm dn йт dn : 
B uu o OF 3 a d 
We require Codazzi’s 3i and di) 9 Say di and dp? these are to be obtaine 


from the equations 


d a _Ka—aw dm d by—c8 Еа – aw dn 


dp МЕ NEA ар’ dp WA VEA dp’ 


and the values obtained should satisfy 


d Ea—ao X а dm_by—cBdn 
dp МЕА МЕ йр JA dp 


I find 

|a, Bst 
ат «A dn VE | 
dp; Aq dB TAA UE y 


where a, @\, yı are the derivatives of a, В, у in regard to p; and the equation 
to be verified thus is 


S T. 
d Ea-ae — aA (by cB) VE |, р 
dp VEA | ЗАЧ: n TRUM ss We 
e, в, Yı 


First, for 4 the derivatives of а, Ё are а and 2 (aa + bB + cy), = 20; we thus 


have 
d a  , a а | Ea—ao 
dpyE' УЕ EVE EVE : 
which is 
_ Ва- ao ат. 
VEA ар’ 
viz. we have 
dm _ МА 
dp E: 


Next, for S. using a subscript (,) to denote derivation in regard to p, we have 
A = EX — œ, and thence 
A, = EA + EX, — 200, 
= 20) + E.2 (а, + ВВ, + yy) — 20 (d+ аа, + 08, + oy) 
= 2 (E (aa, + ВВ, + үү) — о (аа, +08, + су), 


=2 (aX + EY + 9,7), 
С RML 33 
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if, for a moment, | 

X, Y, Z= Ea— ао, ЕВ —bo, Ey —co; 
these values give identically 


aX+BY+yZ=A, and аХ +07 +с2 = 0. 


Hence we have 


— і a => 


d by—cB Фу - ch: (by — c) (aX + ВУ + 74) 


dp МА /А AVA 
which must be 
Sa dw 
VEA dp’ 
we thus have 4 
AX dn 
(by, — 08) A — (by — 08) (aX +BY +72) = ур dp’ 
or, putting the left-hand side in the form 
(by, — ch) (a X - 8 Y - y 2) 
— (by — c8) (aX + ВУ + y, Z) 
rn — (Ву, — By) (a X - b Y -- c Z), 
this is 
Big v 
=-Х| а; В, у |, 
Qi, Bi» Yı 
and we thus find 
P A Wer IE 
dn. МЕ 
dy M TIE 
а, 8, у 
For the verification of the equation 
RON ON. 
d Ea—ae — а\А ,(by—cB)VE ada 
dp УЕА EVE AVA озү E 
| а, f£, Yı 


we have 
(Ea — ао), = Ea, — а (aa, +08, + cy) + aw — aX, 
(ЕД), = 2E? (aa, + ВВ, + уу) — 2Ео (aa, + bB, + cy) + 240, 


and hence the equation is 


" ug (aa, + ВВ, + уу) — Ew (aa, + 58, + су) + w} (Еа — aw) m Ka,—a (aa, - bg, cy) +aw— aX 


EAVEA VEA 
POP RAS 
DL ӨШ y —c8) VE. 


а, В, у 
Considering first the terms without a, В, yi, these give 


— e (Ea — aw) + E (aw — ar) = — a (EX — в), 
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which is identically true; and then the remaining terms with а, Bi, yı give 


— (E (aa, + ВВ, + үу) — о (aa, + 08, + су.) (Ha — aw) + {Ea — а (aa, + b, + cy,)} (EX — o») 


oi; vbt Fate 
—(by—c8) E a , в, (у 
a, Bi, Yi 


On the left-hand side, the whole coefficient of a, is 
= — (Еа — ав)? + (+ с) (ЕМ – o), 
which is 
= — He? + ЗааЕю — а? + (6? + с?) EX — (2 + с?) or, 
= E[— He + 2aaw + (P + е?) X — 0]; 
and, substituting for E, w, and X their values, this is found to be 
= E (DP + е) (8° + у) — (bB + су), = Е (by – с8). 
Similarly the whole coefficients of В, and «y, are found to be 
= E (by — cB) (ca—ay), and Е (by — c8) (aB — ba), 


respectively; and thus the left-hand side becomes 


Qu. 8 
= (by — е8) Е дя оа 
0, Bi, Yı 
as it should do. 
We have 
tan [= a 
where 
Р=Е' /E=/E(Aat+ BB + Cy), =aa +08 + су, suppose, 


Q = Ea — Ро = (СВ —60)а+(аС—сА) В + (6А – аВ) у, =a'a+b'8+c'y, suppose, 

Рз + P= ТА, | 
and we have hence to find T Using, as before, a subscript (1) to denote derivation 
in regard to p, we have 


di QP,—PQ,. 


dp Pop 


the numerator is 
= (a'a-- b/8 + су) (aa +Ъ В, ey; aia +b 8 e y) 
— (a a + b B + c y) (аа + 08, + су, + aja + b; B + ey) 
= — [е — b'c) (By, — Bay) + (ca! — са) (ул, — уа) + (ab' — a'b) (a8, — a,8)] 


+ Q (аа + 0,8 + суу) — P (a'a + bih + суу). 
33—2 
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For the first part hereof, 
be’ — b'c = yE (B (bA — aB) — C (aC —cA)} 
—A E (A (aA +В + cC) —a (A? + В+ С°)), ——aV?wE, 
since aA -- bB + cC = 0; and similarly 
ca/—ca, ab'—ab-2-bV*4/E, —cV?A E, 
respectively; and thus the first part is 
= V? VE (a (Ву, — Bay) + b (ye — уо) + с (a8, — в В), 


Bs £6 - 
= 7*УЕ| а, В, у 
а, В, у 
Hence, dividing by 
Р: = УзА, 
dl . 
the first part of di 18 
ИЕ TRAE: 
VE 
> A а , в , y 
&, В, h 


For the second part of the numerator, we require 
аа, + В, + ‘ус, and аа, + ВЫ tyc’; 
the values of a, b, с are AVE, B/E, C/E, where E,2?2«, and hence 
/ A B NTC: 
аа beo (4, VE 75) a (B.E 75) В+ (CE =), 
=МЕ(Аа+ BB+ Суу) + Jp (4^ + BB + Cy). 


From the values 
А, B, C — bc – Бе, ca’ — са, ab’ — a'b, 
we have 
4i, B,, C, = Be’ — yb’ + by’ — cB', уа — ас + ca — ау, ab’ — Ва + a8' — be’, 
and thence 
Ала + BB + Cry = — [a (By — By) + b (уа — y'a) + c (a8 — а 8)), 


"Xi mL 
=—-|а, B, у 
Непсе ro Fe 
PEE CE 
aat+bB+ay=—VH| а, B, у + oR 
LIE LA 
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Next, we have 
а’, b, с= сВ 00, aC —cA, bA —aB, 
and thence 
aa,’ + Bb,’ + ye, 
— a (yB — 8C +cB, — С!) + В (aU — yA + a0, — сА,) - y (BA — aB --bA, — аВ,) 
= (by — c8) А, + (ca — ау) В, + (aß — ba) C, 
= (by — с8) (cB — бу + by — cp’) 
+ (са — ay) (ау — са + ca! — ar’) 
+ (aß — ba) (b'a — a/8 + af’ — ba’); 
the portion hereof, which is quadric in а, В, y, is 
= — (a? + 8° + y?) (аа + bb’ + сс’) + (aa + 08+ су) (aa -- b' B + cvy), 
= AF + ое, 
and the remaining portion, which is lineo-linear in а, В, у and а, В’, у, is 
= (аа + BB’ + yy’) (à? + 82 + c) — (ах +8 + cy) (ах +08 + cy’), 
= Ey” — ww’ ; 


we thus have 
aa,’ + Bb, + ye, 2 — AF + Ep” + о (= — o^). 


Hence the second portion of the numerator, or: 
à Q (aa, + Bb, + ус) — P (аа, + Bb,’ + ycr’), 
is 


MEN AC 
E' | 
=(Ёв®— Ро) --\УЕ| а, В, у «SE. ВАР 
a’, B, y J 


There are two terms, + .E'/Ewew and — E'/Ewew, which destroy each other, and 
thus the whole second part of the numerator is 


Us Dod 
= (Ев - Ра) a, B, y |-E VEQE-MP) P (aE oF), 
а Buy 


and, for the corresponding part of S we must divide this by Р: + Q?, = УзА. 


Hence, finally, we have 


А, © 
di VE 
dp А a, n. y 
a, В, Yi 
| СЛ: 
1 | Е' | 
+ — ee | =e Д Ф.з Д. S 
уа | (ok oF) N А T VE (ш Е ХР) + 7р (9 Е оГ)», 
a, 1). 
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where I recall that the values of о, a, w, A, and u” are аа +08 + су, a/a-- b В+ су, 
аа +08 -- су, e? + 8+ ү, and ах + 88 + үү, respectively. Observe that the first term 


; di . 
in this expression for ds is 


|) dn 
oar 
We thus have 
P, МИТ: = — Fow 
"dp TOTE 
о" Е 
~ dp ~ ТУЕ’ 
MADRE RE E 


_dn di  2X4E 
T ADU AR ok /А a, Bg, y | 


a, By nN | 
B Hors 
Е руа B. ар 
VA NT УЕ | 
А 
and we thence obtain at once the values of U, V, W; viz. these are 
dM o — Fs" 
U= us eos Г, = VG Ў 
dM . G' 
pur sin L = VAJG' 


dN dL | 24G 


| dg dg — WA" 
Ps 
6-е, в", У pee VG (иб - VF) - TE (w'G - oP), 
| ®, 8, у 


e 
V*A" 


where a”, В.”, y," denote the derived functions of а”, В”, y" in regard to g, viz. 
these are the third derived functions of æ, y, z in regard to q. 
We have, moreover, 


da? + dy? + de = Е dp? + 2F dpdq + G dg, = 2 dt + 2rR cos 0 dtd T + Ват"; 
that is, 


F 
г=^Е RENG 008 0 = Tag: 
and therefore also 
VEG = Р V 
sin Ум и ; = ——, 
VEG VEG 
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Writing р, q in place of t, T, and for r, R substituting their .values, then, 


‚ the foregoing values of w, v, w, U, V, W, Codazzi's six equations are 


d = овоч у sin B о (V. qn) + (Usin 8 — W eos ) (v -%), 
а = cos + ог sin 0+ у (v р) + gin 0~ tw cbs 6) (v-25. 
(+ р) ipd; * 5 0 (uU — wW) — cos 0 (и + wU) =0, 

МС (u cos Ө + w sin 0) = E (U cos 0 + W sin 6), 

VG sin 8 (v -+ medo Yt, 
VEsiné( -TH ово = VE, 


I take the opportunity of remarking that Gauss, in § 11 of his memoir, 
the first and second of the formule 


а V?+a(o F—o 0) +а (о Ё—® E)— AE =0, 
a V?+a(o F- w G)+a (w Е- = E)— AF’ =0, 
a" V? а (аР w"G)-c- a (wF —9"E)— AG =0, 
(each of them one out of a system of three like equations) where, as before, 
V?= EG — F’, 
Е’, F', @ = Aa * ВВ+ Су, Аа + ВВ + Оу, Aa" + BB" + Oy’, 
w, w, o" =аа +08 + cy, aa’ +58’ + cy, aa" +68” + сү”, 
Y i5, $ В), »- $G, 
w, w, T =аа+ 0 В +су, аа +08 cv, аа’ +08" + су", 
=Ё,—}ЕЁ„, 1G, $6. 


These are, in fact, the formule (IV.), 


Фл (11) dx (11) dz » 
DEMOL +оо 


dp | dq 
Pa 12| dz (12) dx 
TANE AOE 
Фа (22) dx (22) 4х 
1112-1 ахо 


268 


with 


gives 


of the memoir, Weingarten, “Ueber die Deformation einer biegsamen unausdehnbaren 
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Fläche,” Crelle, t. c. (1887), рр. 296—310; viz. the symbols correspond to those of 
Weingarten, as follows :— 

Е, Р, G=ay, йз, 05, 

V= EG- P =a p 
F', а =— сома, —сь Ма, — Ca Ма, 

A, B, C=pX; pl, pe; 
day, 
dp ' 
E T zr jt " 


, 
nia Ка”, 


Te, E P 


ET 


#5 


о, w, w = У 


and thus Weingarten’s symbols, m | ‚ &c., have the values 


Mei (ie e) а (а). 

в) 0). 
ipee rn 
еее) OE 
(аа) +в (698), 

(22 yi в. (-Че++ ше) +а(% Т | 


values which give, as they should do, 


11 12] 1 dya 12 22) _ 1l dya 
utia gee hp ap meee 
The foregoing comparison serves to explain the notation of Weingarten’s valuable 
memoir. 
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